I. INTRODUCTION
The history of extensive research on compositionally graded ferroelectrics dates back to the early 1990s when Mantese et al. 1 discovered the vertical shifting of measured D -E hysteresis loops in potassium tantalum niobate films graded in potassium concentration, placed in a SawyerTower circuit, 2 and driven by an alternating voltage. This is the so-called ''charge-pumping'' effect or ''polarization offset,'' from which a strong dependence on electric field and temperature was reported. 1 Since then, the same effect has been observed on a wide range of compositionally graded ferroelectric films, [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] where in many cases the shift displayed a power 3-5 dependence on the electric-field amplitude 3, 4, 5, 7, 9, 11, 12 and changed in a direction [3] [4] [5] when the composition gradient was inverted. Brazier et al. showed that the offset develops like the typical charging-up of a capacitor, with the time constant approximately equal to the product of its capacitance and input impedance. 13 All these features have made graded ferroelectrics a very attractive class of materials because of its potential device applications, and hence, have urged for a greater understanding of them.
There have been various ideas suggesting possible origins of the shift. As its name suggests, the shift or polarization offset has been interpreted as a static polarization developed across the ferroelectric film under the application of an alternating voltage. 4 However, those ''offsets'' are usually almost an order of magnitude larger than the typical spontaneous polarization of the material, and hence, such a large static component is not likely to occur. 13 This has been followed by an alternative idea that the shift should correspond to a static voltage developed across the ferroelectric film under the application of the alternating voltage; yet the origin of this static voltage remains unclear. 13 Recently it has been proposed with experimental support that the shift should originate from the asymmetrical current-voltage characteristics of the ferroelectric film; the relation of such asymmetry with the composition gradient of the film has yet not been understood. 3, 14 There has not been any theoretical model that satisfactorily explains the origin of the shift as well as its dependence on electric field and temperature.
On the other hand, it is worth also considering the fact that similar shifting of hysteresis loops has been observed when the compositionally graded sample was replaced by a homogeneous one across which a thermal ͑temperature͒ gradient was imposed. 15 Since the shift vanished with the removal of the thermal gradient, it is likely that such shifting arises from the thermally induced gradient in polarization 15, 16 or, more generally, electric displacement which, according to Gauss' law, represents the presence of free space charges in the sample. It follows that, if the shifts from compositional and thermal gradients are of the same origin, the vertical shifting of hysteresis loops in compositionally graded ferroelectrics might originate from conduction by those free space charges.
In this article, we derive an expression for the conduction-current density associated with those free space charges and present our numerical investigation of their effects on hysteresis-loop measurement of compositionally graded ferroelectrics, particularly of whether they are responsible for those polarization offsets observed in experiments. 
II. TIME-DEPENDENT SPACE-CHARGE-LIMITED CONDUCTION
For a compositionally graded ferroelectric film placed in a Sawyer-Tower circuit ͑see Fig. 1͒ and driven by an alternating voltage V 0 (t), its conduction-current density J c (x,t), electric field E(x,t), switchable polarization P(x,t) and electric displacement D(x,t), are functions of position x and time t. For the sake of generality and simplicity, respectively, we relate the conduction-current density to the electric field via a time-dependent conductivity (x,t) and ignore carrier diffusion
For simplicity, we assume the ferroelectric film consists of p-type and n-type free carriers whose mobilities p and Ϫ n ( p , n Ͼ0) are uniform across the film and whose electric charges are equal to q and Ϫq (qϾ0), respectively. Due to charge neutrality, the intrinsic concentrations of the two carrier types are equal and thus both denoted by C in (x). The time-dependent conductivity can be expressed as
where ⌬p(x,t) and ⌬n(x,t) are, respectively, the differences between intrinsic and total concentrations for each carrier type. Putting the intrinsic conductivity 0 (x)ϭq( n ϩ p )C in (x) into Eq. ͑2͒ yields ͑x,t ͒ϭ 0 ͑ x ͒ϩq͓ n ⌬n͑x,t ͒ϩ p ⌬ p͑x,t ͔͒. ͑3͒
According to Gauss' law, the density of free spacecharge is given by ‫ץ‬D͑x,t ͒ ‫ץ‬x ϭq͓C in ͑ x ͒ϩ⌬ p͑x,t ͔͒Ϫq͓C in ͑ x ͒ϩ⌬n͑ x,t ͔͒.
͑4͒
In practice, the frequency of applied voltage is not too high ͑usually about 1 kHz͒ such that, from the quasistatic point of view, the ferroelectric material is approximately at equilibrium for every time instant. Hence, we may apply the law of mass action to describe its carrier concentrations
From Eqs. ͑4͒ and ͑5͒, we write
and get
where
It can be shown that
͑12͒
Hence, Eq. ͑10͒ can be written as
Only the root of all upper positive signs is valid because when ⌬n(x,t)ϭ⌬p(x,t)ϭ0, we have ‫ץ‬D(x,t)/‫ץ‬x ϭ0 and
Hence, from Eq. ͑3͒: Note that Eq. ͑14͒ can be approximated to a timeindependent, single-carrier case with negligible intrinsic conduction by taking either p →0 or n →0, from which Mott's equation for steady-state space-charge-limited conduction is derived; 17 hence, we call it ''time-dependent space-charge-limited conduction'' to distinguish between the two.
III. METHOD OF NUMERICAL SIMULATION
For a graded ferroelectric film, the electric displacement at position x can be written as
where (x) is the dielectric permittivity and P(x,t) has a complicated relation with E(x,t). This way of writing the electric displacement has been used previously for homogeneous and multilayer ferroelectric films. 18 -20 For simplicity, we borrow the Landau-Devonshire model description 21 with the power 5 and higher-order terms of P(x,t) omitted for assigning E(x,t)Ϫ P(x,t) paths inside the graded ferroelectric film. With the film divided into N layers, the LandauDevonshire electric field that corresponds to the ith layer is
where xϭi•⌬x. The parameters ␣(x) (Ͻ0) and ␤(x) (Ͼ0) are calculated from the otherwise obtained remanent polarization P r (x) and coercive field E c (x) via Eqs. ͑17͒ and ͑18͒ ͑see Appendix A for derivation͒
The actual E(x,t)Ϫ P(x,t) path does not completely follow Eq. ͑16͒ because it includes polarization reversal at the coercive-field strengths such that a complete hysteresis loop ͑major loop͒ is assigned ͑see Fig. 2͒ . At tϭ0, the material is not polarized and E(x,t) is zero; hence, an additional path is needed for the layer to move from the origin to the major loop when E(x,t) increases or decreases from zero during the first half-cycle ͑see Fig. 2͒ . As the Landau-Devonshire model description does not provide any well-known information about this additional path, we choose to assign it arbitrarily. Several runs of the computer program show that this additional path does not impose any significant effects on the final results.
In real hysteresis-loop measurement, the voltage V ref (t) of the reference capacitor is recorded against the average electric field E ave (t) across the ferroelectric film which is given by ͓V 0 (t)ϪV ref (t)͔/L ferro , where L ferro is the film thickness. From the circuital point of view, we take into account the continuity of total current
and the vanishing of voltage sum around a closed loop
where C ref and R ref are, respectively, the capacitance and input impedance of the reference capacitor, A ferro is the electrode area on the ferroelectric film ͑see Fig. 1͒ , and J 0 (t) is the total-current density across the film. Based on Eqs. ͑15͒, ͑19͒, and ͑20͒, we derive an expression ͑see Appendix B for derivation͒ for computing V ref (t) via the forward Euler method
͑The subscript x means that the differentiation is taken at constant x.)
Realistic values of P r (x), E c (x), (x), 0 (x) for lead zirconate titanate ͑PZT͒ 22 ͑see 3 were borrowed for our simulation. Since the mobilities of real materials can differ enormously depending on film structure, fabrication process, electric field, defects, and grain boundaries, it is difficult to obtain reliable mobility data for our simple assumption of spatially uniform mobilities. 23 As our purpose is only to demonstrate the effects of space-charge conduction on hysteresis-loop measurement, we choose to self-assign values for p and n , with p Ͻ n and the following conditions ensured.
͑a͒ The carrier total concentrations ͓C in (x)ϩ⌬n(x,t)͔ and ͓C in (x)ϩ⌬p(x,t)͔ are positive values throughout the simulation, where ⌬n(x,t) and ⌬ p(x,t) are computed from the solutions of Eqs. ͑8͒ and ͑9͒, and C in (x) from
͑a͒ The major E(x,t)Ϫ P(x,t) loop in each layer, once entered, is completely cycled every time. This is accomplished by choosing the amplitude of V 0 (t) to be sufficiently large.
IV. RESULTS AND DISCUSSION
By taking p ϭ0.25ϫ10 Ϫ8 cm 2 V Ϫ1 s Ϫ1 and n ϭ0.25 ϫ10 Ϫ5 cm 2 V Ϫ1 s Ϫ1 , the simulation of a PZT film graded in 15 layers from 25% to 56% zirconium in the direction of increasing x ͑upgraded͒ gives an upward shifting of hysteresis loops ͑see (x), E c (x) , (x), 0 (x) for lead zirconate titanate, which are obtained from the graphs in Ref. 22 . As the Zr composition increases from 0.25 to 0.56, both P r (x) and E c (x) decrease but (x) increases and 0 (x) does not have any general trend. the same order of magnitude with published experimental data ͑a few volts͒ 3 ͑see Fig. 5͒ . A plot of ln͉V off ͉ against ln E amp shows an approximate relation of ͉V off ͉ϰE amp ␥ , where ␥Ϸ3.4 ͑see Fig. 6͒ . On inverting the composition gradient ͑downgraded͒ it was found that the vertical shifting is in the downward direction, where the positive and negative maxima of E ave (t) shift correspondingly towards higher field values ͑see Fig. 7͒ . And there is no shifting effect at all when the ferroelectric film is set to be homogeneous.
Zr composition
Since it has been suggested that the shifting arises from the charging-up of the reference capacitor by asymmetrical ͑different for positive and negative voltages͒ conduction currents in the ferroelectric film, 3, 14 it is worth also examining whether the J c (x,t)ϪE(x,t) relations are asymmetrical. Interesting to note, the two quantities do not form any static relation but rather exhibit some asymmetrical hysteresis behavior for an upgraded film ͑see Fig. 8͒ . It is also interesting to see that the asymmetry is reversed when the film orientation is inverted ͑see Fig. 9͒ . Apart from this reverse in asymmetry, the curves in Figs. 8 and 9 are different only in the first few cycles; this is because the initial application of E ave (t) is, respectively, against and along the composition gradient in the upgraded and downgraded cases, leading to different space-charge profiles and, hence, different responses in the first few cycles. This initial effect fades out as the number of cycles increases; hence, the two figures eventually give the same steady-state pattern. From an integration of Eq. ͑19͒ with respect to t for one cycle, we can describe the situation as follows: In each cycle, there is a net flow of charges across the circuit, where the charges either flow across the input resistor or accumulate on the capacitor. This net flow of charges occurs because the application of E ave (t) is, respectively, against and along the composition gradient in positive and negative half-cycles, leading to a difference in space-charge profile and, hence, in conduction response between positive and negative half-cycles
And in each following cycle, because the capacitor voltage has a higher time average, more charges flow across the in- put resistor and, hence, less accumulate on the capacitor. The process continues and finally reaches a steady condition where the net flow of charges in one cycle is all across the input resistor so that there is no further charging-up of the capacitor. This explains why V shift develops in the way as shown in Fig. 4 . In our simulation, although the shapes of hysteresis loops and the power dependence of ͉V off ͉ on E amp are slightly different from those typically observed, the key features as observed in experiments are produced, namely ͑a͒ the monotonous increase of ͉V off ͉ with E amp , ͑b͒ the change in the shifting direction when the composition gradient is inverted, as well as ͑c͒ the similarity between the development of V shift and the typical charging-up of a capacitor. The discrepancies between simulation and experiment can be attributed to our assumption of spatially uniform mobilities, simple LandauDevonshire model description of hysteresis loops, as well as neglect of possible effects from electrodes and substrates. Hence, it is not unreasonable to suppose that time-dependent space-charge-limited conduction is a possible origin of the polarization offsets observed in compositionally graded ferroelectrics. Further work is needed to clarify the dependence of the offsets on gradients of remanent polarization, coercive field, dielectric constant, and temperature, as well as on temperature itself.
V. CONCLUSION
We investigated the effects of free space charges on hysteresis-loop measurement of compositionally graded ferroelectrics and found that they are quite likely to be responsible for the polarization offsets observed in experiments. Further work is needed to clarify the dependence of the offsets on gradients of different composition-related parameters and temperature, as well as on temperature itself.
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APPENDIX A
The remanent polarization P r (x)(Ͼ0) can be expressed in terms of ␣(x) and ␤(x) by setting 0ϭ␣(x) P r (x) ϩ␤(x) P r (x) 3 , so that
The polarization that corresponds to the coercive field E c (x) (Ͼ0) is denoted by P c (x) (Ͼ0) and can be determined by setting ‫ץ‬E L (x,t)/‫ץ‬ P(x,t) x ϭ0 ͑the subscript x means that the differentiation is taken at constant x), giving
By setting E c (x)ϭ͉␣(x) P c (x)ϩ␤(x) P c (x) 3 ͉ and using Eq. ͑A2͒, we get
␣͑x͒ϭϪ␤͑x͒P r ͑ x ͒ 2 . ͑A5͒
APPENDIX B
Since D(x,t)ϭ(x)E(x,t)ϩ P(x,t) and ‫ץ‬E(x,t)/‫ץ‬t ϭ ͓‫ץ‬E(x,t)/‫ץ‬ P(x,t) x ͔ ‫ץ͓‬ P(x,t)/‫ץ‬t͔ ͑the subscript x means that the differentiation is taken at constant x), the continuity of total current can be expressed as
Using the chain rule again and Eq. ͑B1͒, we get
͑B2͒
The vanishing of voltage sum around a closed loop gives
Combining Eqs. ͑B2͒ and ͑B3͒, we write After replacing dx and dt by ⌬x and ⌬t, respectively, we get Eq. ͑21͒.
